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Abstract

Recent progress in micro-fluid dynamics has identified an increased demand for efficient mixing of highly viscous fluids in
small channels and cavities. One way to do this is through the steady streaming generated by the vibration of solid boundaries.
In this paper we investigate the mixing properties of such streaming flows in an infinite channel. A Newtonian fluid is confined
within flexible walls with transverse motion in the form of standing waves of small amplitude. The velocity field is determined
using a perturbation approach with the slope of the wall as a small parameter [Phys. Fluids 16 (2004) 1822]. Streaming occurs
at second order with the formation of cellular flow patterns in the channel. The Lagrangian velocities were found to mimic
the Eulerian except for flows at large channel half-widths and low frequencies. Most effective mixing is observed for flows at
channel half-widths of similar, or lower, order than the vibratory wavelength and for sufficiently high frequencies.
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1. Introduction

This paper presents a study of the mixing properties of flows generated by the transverse vibration of a solid wall. Though
the time-averaged velocity of the moving wall is inherently zero, nonlinear interactions of the unsteady flow with itself engender
a time-independent flow that is added to the unsteady part. This intriguing feature that a fluctuating flow results in a nonzero
mean is denoted steady streaming [2,3]. The present analysis is primarily motivated by the ability of such streaming motions to
enhance mixing in highly viscous fluids, where the intense mixing due to turbulent motions is not possible.

The appearance of streaming motion forced by unsteady boundaries depends on the spatial and temporal behavior of the
specific boundary. Steady streaming induced by oscillatory flows over wavy surfaces was studied by Lyne [4]. Lyne assumed
small amplitudes of the wavy surface in comparison to the viscous boundary layer formed over the vibrating wall. Investigating
the time average of the fluctuating flow, he found streaming in cellular flow patterns. An attempt to extend his analysis was
undertaken by Kaneko and Honji [5] who, by considering higher order terms, provided further details on the cellular flow
complemented by experimental evidence of its existence. More recently, steady streaming induced by a randomly vibrating
wavy wall was examined in a micro-gravity environment by Volfson and Vinals [6].

* Corresponding author.
E-mail address: lelo@tfd.chalmers.se (L. Lofdahl).
1 Currently at Fluent Sweden AB, Vestagatan 2A, 416 64 Gothenburg, Sweden.

0997-7546/$ — see front mattér 2004 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechflu.2004.10.006



F. Carlsson et al. / European Journal of Mechanics B/Fluids 24 (2005) 366-378 367

A surface experiencing an oscillatory motion in the form of a travelling wave gives rise to streaming parallel to the surface.
Thus, in contrast to the vibration of wavy walls, travelling waves generate a steady flow in a preferred direction, generally
in the direction of the wave. This pumping effect is denoted peristaltic pumping. Several studies on peristaltic transport have
been conducted over the years and analytical solutions have been obtained for two-dimensional or axisymmetric flows in
infinite tubes, for either small amplitudes and arbitrary Reynolds number, or arbitrary amplitudes with small wall slopes and
insignificant inertia. Early studies on this subject are reviewed in Jaffrin and Shapiro [7]. More recent investigations were
performed using lubrication theory by Hung and Brown [8], Pozrikidis [9] and Li and Brasseur [10], the last generalizing
the analysis to arbitrary wave shapes and finite-length tubes. A few investigations have reported numerical results where the
restriction of a small parameter is relaxed [11,12]. Research on peristaltic flows has received justification foremost in medical
applications, such as peristaltic pumping in the ureter, but also in engineering, e.g. transport of fluids where conventional
pumping is considered inappropriate.

Recent development of micro-electro-mechanical systems (MEMS) has enabled constructions of tiny fluid mechanical de-
vices used, for example, for the mixing of reagents and chemicals in small-scale experiments. Simple methods of producing
fluid motions thus are a necessity for successful miniature devices. At small scales viscous effects commonly are important
and conventional techniques of mixing and transporting fluids often are ineffective and complicated to use. The lack of effec-
tive methods to mix and transport viscous fluids has led to research in this area [13—18]. Encouraged by the need for efficient
mixing of flows in small devices, Selverov and Stone [19] and Yi et al. [20] examined the streaming flow generated by small
amplitude travelling waves propagating along the boundaries of closed rectangular cavities. The former primarily focused on
high-frequency flows and the latter extended their analysis numerically to incorporate large amplitude waves. In these studies
the fluid motion is peristaltically driven; the end walls, however, serve to restrict the flow and thus force a cellular flow pattern
that is necessary in order to effectively mix the fluid.

Carlsson et al. [1] extended the works by Selverov and Stone [19] and Yi et al. [20] by considering steady streaming in a
two-dimensional channel generated by small amplitude vibrations in the form of standing waves. Streaming in cellular flow
patterns was observed. No peristaltic pumping is generated by standing waves, instead the cellular flow was similar to the
findings in Lyne [4] and Kaneko and Honiji [5]. Standing waves by themselves produce circulatory streaming motions that can
be used to mix fluids. In this paper we investigate the ability of the cellular flows found in Carlsson et al. [1] to enhance mixing
in highly viscous fluids.

A theoretical analysis employing perturbation methods is performed to investigate the mean Lagrangian velocity of specific
fluid particles. A Newtonian fluid confined in a two-dimensional infinitely-long channel in which the solid walls vibrate trans-
versely as standing waves is considered. The slope of the vibrating wall is assumed small and accordingly used as a perturbatior
parameter. Analytical expressions of the Eulerian velocity field are obtained from Carlsson et al. [1]. These are used to establish
the time-averaged second-order Lagrangian velocities for a range of channel half-widths and frequencies. Next, Poincaré sec-
tions are constructed numerically in order to demonstrate the type of mixing in the channel. Finally, a large number of particles
are marked and followed in time to illustrate the capacity of the steady streaming to deform a material region within the fluid.
Many of the calculations below were made using Mathematica and some of the lengthy expressions are not explicitly shown in
the interests of space.

2. Mathematical formulation

Consider a two-dimensional infinitely-long channel with its boundaries locateg.af where the region-y,, <y < yy is
occupied by an incompressible Newtonian viscous fluid. To allow the solid boundaries to vibrate transversely in the form of a
standing wave, the wall coordinate is set to

yw=h+ Z coskx coswt, (2)

wherek = 27 /A is the wavenumber,. is wavelength of the wavy surface, = 27 f is the radian frequency, and is the
frequency of vibration. The dimensionless parametés the slope of the wall, that is = ak, wherea is the amplitude of
vibration. In Fig. 1 a sketch of the wall displacement is shown. The flow driven by the wall motion is periodasimvell as
symmetric with respect to the channel centreline.

Since the wall motion is only in the vertical direction, it means the wall is extensible or that the deformation is linear. The
latter is a valid approximation if the vibrations occur with small slopes, i.e. with 1. This will be the focus of the present
investigation.

If velocities are scaled withw/ k, lengths withk and time witho—1, we get the dimensionless parameters

2 w

e=ak, H=hk, and = —. 2
a o e 2)
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Fig. 1. Sketch of vibrating wall.

These parameters represent the slope of the surface, the channel half-width, and the wall frequency (or a Reynolds number),
respectively.

The position of the wall boundary is highly time dependent which must be taken into account. For this reason the time-
dependent position of the surface is dealt with here by transforming the coordinate system so that it follows the motion of the
wall. Accordingly the new coordinates are

H

=y—————— and t=t, 3
Y’H + e cosx cosr ! ®)

§=x, 1
i.e. they coordinate is compressed by the transverse wall motion. The new coordinate system is non-orthogonal and time-
dependent.
Using (3) we obtain an equation governing the flow bounded by the vibrating surfaces

3z At + €(dy Y ds Atcy — 3 ¥y Arc¥) — @ 2AEY = P(&, 1, T), (4)

wherey represents the stream function afg = ag + 85. P(&,n, 1), which is a lengthy expression and not given here, plays
the role of a source term taking care of accelerations and the non-orthogonality inherent in the new coordinate system.
Fluid particles located on the surface must obey the no-slip condition, so that at the wall

(&, n=H,1)=0, de¥ (&, n=H, 1) =Cos sint. )
At the channel centre we have

02y (E.n=0,1)=0, %y n=071)=0. (6)
3. Flow field

Carlsson et al. [1] constructed a perturbation solution for the flow in the vibrating channel. In that analysis equation (4)
together with (5) and (6) were perturbed usings the parameter, and the first-order and time-averaged second-order equations
were solved.

3.1. First-order solution

At first order the flow is oscillatory in nature and is described by the following equation

. —AcoshA H sinhp + coshH sinhAn

—it
_ c.c, !
Vo) = A H SinhH + CoshH sinhA H " X

sing e

where the index 0 denotes a first-order solutidn;: /1 — i«2, and c.c. is the complex conjugate.

At the wall the no-slip condition gives rise to an oscillatory boundary layer formed by the outwards diffusion of vorticity.
The extent of that boundary layer is proportionabo= ./v/w, commonly referred to as the Stokes-layer thickness, which in
this problem is contained in the terAw;. Another significant length scale is the wavelengtivhich governs the exponential
decay in the inviscid solution to the problem. The character of the solution thus strongly dependslating the viscous and
inviscid scales, and the parameférwhich may put a geometrical restriction onto the oscillatory flow through the symmetry
condition at the centre of the channel.
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3.2. Second-order solution

Non-linear interactions of first-order quantities induce steady streaming at second order [2]. The solution governing the
streaming in the channel is

w{”(g, 1) = sin(2£)[a1n cosh 2 + ap sinh 27 + az coshy + aa sinhy + as cosyn sinhBn + agsinyn coshBy
+ ansinyn sinhBn + agn cosyn coshBn + agsin2yn + a1g9sinh28n + a1 cosyn sinbh(1+ B)n
+ aqzsinyn cosh1+ B)n +ajzcosyn sinh(1— B)n +agasinyn coshl — Bn], (8)

whereg = vRcost, y = VR sing, R = (1+ a4 andd = 1/2 arctari—«?). The coefficientsi; to a14 depend onx and H
and are not given here since they are extremely lengthy.
Note that all the figures containing information obtained frqrrfﬁ)(s, n) are shown in the fixed coordinate systém y).

The time dependence gfenters the problem at third order when transform]xié) (&, n) into the fixed systenix, y).
3.3. Streaming

The symmetry and periodicity of the problem prohibit any bulk flow in the channel, i.e. the moving walls do not generate a
net pressure gradient in the channel. The streamlines form closed loops creating a cellular flow pattern.

Increasing the channel half-width means tiibecomes less important for the flow since the extent of the flow inythe
direction is determined by the larger bfnds,, the latter being the larger only for small valuest In the extreme case we
let H go to infinity and the solution tends to that of standing waves operating on a surface in a semi-infinite domain.

Varying o2 for H > 1 shows three regions of distinctly different flow patternsx4fis small, the flow is highly viscous
and the flow structures are primarily determined by viscous diffusion. Fig. 2(a) displays velocity profiles obtaim@e=far
and H = 50. These profiles give rise to circulatory flow cells in two layers over the wall, shown using streamlines in Fig. 3(a).
Increasingy reveals that the outer cells suppress the near-wall cells which eventually disappear and only one layer of cells exists
as in Figs. 2(b) and 3(b) which show velocity profiles and flow cells%t= 50 andH = 50. At ana? of approximately 90
another change in flow pattern is observed. The single layer of cells is stretched until each cell simultaneously breaks down into
three new cells separating the flow into viscous, intermediate and inviscid regions. Figs. 2(c) and 3(c) show theflowsa
and H = 50 with these three regions. The characteristic amplitude of the velocity, or strength of the cell, is at first largest for
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Fig. 2. Time-averaged second-order velocity profiles as a function of wall-normal distance. Solid Iim%é(a‘;:e;), dashed lines aref)(s, n).

Profiles are at = 27 /3 andH = 50. (a)a2 =2; (b) «? =50; (C)oz2 = 150. Only a fraction of the channel is shown= H is at vibrating
wall.
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Fig. 3. Streamlines showing time-averaged second-order flow field/fer 50. (a)oc2 =2; (b) a? =50; (C)Olz = 150. Only a fraction of
channel is showny = H is at vibrating wall.

the cells adjacent to the wall and least for the outermost cell layer. Note that the latter is hardly observable in Fig. 2(c). With a
further increase of2 the cells in the viscous region tend to move toward the wall and become insignificant in size and strength
compared to the intermediate cells. The outer cell layer remains weak and the flow at high valtiés fimarily dominated

by one cell layer similar to that in Fig. 3(b).

As H is diminished its impact on the streaming flow increases. By setfirig unity the surface wavelength is comparable
in size to the channel half-width. The flow depends on the vibration of both channel walls regardiéssimde the inviscid
part of the solution scales with Varying a2 reveals two distinct flow regions in comparison to the three foundifos 1.

At small 2 only one layer of cells is formed. Fig. 4(a) displays the velocity profiles obtained atai 10. The flow
generated occupies the whole channel and the centre of the cells are located in the middle of the half channel, as shown in
Fig. 5(a). By increasin@z2 there is a reduction in size of the existing flow cells together with a motion of their centre of
rotation towards the wall that is evident in Figs. 4(b) and 5(b). AvAof approximately 110 the flow changes character by the
formation of another cell layer in the outer region; the new cellular structure is shown in Figs. 4(c) and 5(c).

A more complete picture of where in parameter space the different flow regions occur is obtained by finding critical values
of &2 for all H. If a critical value is defined as being t€ at which a new layer of flow cells is formed or destroyed, the
different flow regions are clearly distinguished by critical lines in a parameter plot, Fig. 6.
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Fig. 4. Time-averaged second-order velocity profiles as a function of wall-normal distance. Solid Iinélé) @ren) and dashed lines are
v<1s)(f§, n). Profiles are given at = 2/3 andH = 1. (a)a? = 10; (b)«? = 100; (c)a? = 300.y = H is at vibrating wall.

4. Mixing dueto vibrating walls

Mixing of passive scalars in a quiescent fluid is solely an effect of molecular diffusion. The effectiveness of this depends on
the mass and heat diffusion coefficients for mass and heat transfer problems, respectively. If the fluid begins to flow, momentum
transfer within the fluid enhances mixing, an effect denoted advective mixing. The impact of advective mixing in comparison to
molecular diffusion is governed by the Peclet numiBes 2S¢, where the Schmidt numbé&c = v/D, D being the diffusion
coefficient. For heat-transfdp is replaced by the thermal diffusivity art by the Prandtl numbePr. In viscous fluidsSc
and Pr are commonly of order one or substantially higher and thus, for a fluid in motion, the advective transport generally
dominates mixing, especially for increasimﬁ.

In order to examine mixing induced by vibrating surfaces we assumé&tt@tPr is large and in the analysis we let them
become infinite, so that transport of passive scalars will be demonstrated by constructing fluid particle paths.

4.1. Averaged Lagrangian velocities

To shed light on how the flow transports passive scalars and how this mixing is related to the Eulerian velocity field we
employ a Lagrangian description of the flow field. For each individual fluid particle the time average of its velocity is calculated.
The present analysis is similar to that of Selverov and Stone [19] for the peristaltically driven flow in a confined rectangular
channel, and is also commonly adopted in many water-wave problems.

If X(r) = (X (), Y(¢)) is the position of a fluid particle, the Eulerian velocity field is described by

dX
% =eu(X(@),1). 9)
Given the initial conditionsX(0) = Xg = (Xg, Yp), the paths of each individual fluid particle are obtained by solving this
equation.
We can expand the position and Lagrangian velocity of a particle in power sedessof
X(1) = Xg 4 €X1(1) + €2Xo(t) + - (10)

and
ub@y =euk ) +2ub @y +---. 1)
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Fig. 5. Streamlines showing the time-averaged second-order flow field forl. (a)oz2 =2, (b)az =100; (C)az =300.y = H is at vibrating
wall.

It is evident thaiX — Xg| is of ordere during one period of the oscillation. The Eulerian velocit§)X (¢), ¢), can therefore be
expanded in a Taylor series around the initial condig@yto give

u(X(), 1) =uXo, 1) + (X — Xg) - Vu(Xpg, 1) + - --. (12)

In the viscous region, i.e. in the vicinity of the vibrating wall, velocity gradients are of ardétq. (12) demands that
ea < 1 in these regions in order to describe the behavior of the Eulerian velocity correctly. Farther out from the wall it is,
however, sufficient that « 1. If the Eulerian perturbation expansionwf[1] is substituted into the definition af, namely
u=(dyv¥, —dx¥), the resulting velocity perturbation can be combined with (12) to give

U(X(t), l‘) =Ug(Xp, t) +€u1(Xp, t) + X1 - Vug(Xg, 1) +---. (13)

Finally, to obtain a perturbation expansion of the Lagrangian velocity, Eq. (13) is substituted into (9) and the resulting problem
is investigated order by order in
The Lagrangian velocity at leading order is described by

dx

u%(l) = d_tl = uo(Xo, Yo, 1), (14)
dy

o (1) = —1 = vo(Xo. Yo. 1) (15)

dr
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Fig. 6.2 as a function oftf. Solid lines are critical values of2. The four regions represent different types of cellular flows in channel: cells
in single layer in region 1 (Fig. 5(a), two layers of cells in region 2 (Fig. 3(a)), three-cell layers in region 3 (Fig. 3(c)), and two layers of cells
in region 4 (Fig. 5(c)).

The first-order velocities on the right-hand sides of (14) are obtained from (7). These velocities are periodic functidtis of
zero mean so that the time average over a period of the Lagrangian velocity is zero, i.e.
(uky=o. (16)

The fluid particles thus follow closed orbits at leading order for all possible initial conditions. The particle paths describing
these orbits are obtained by integrating Eq. (14) as

X1(t) = Xo + sinXo[ Fx1(Yo) sint + Fx2(Yp)(cost — 1)], a7

Y1(t) = Yo + cosXg[ Fy1(Yo) sint + Fya(Yp)(cost — 1), (18)
where

Fx1=uax1c0syYy coshBYg+ bx1siny Yo sinhBYg + cx1 coshyy, (19)

Fxo =ayxpcosyYg coshBYp+ byxosinyYp sinhBYg + cx2 coshrp, (20)

Fy1 =ay1sinyYg cosh8Yg + by cosy Yy sinhBYp + cyj SinhYp, (21)

Fyo =aypsinyYgcoshBYg + byo cosy Yg sinhBYg + cy2 SinhYp. (22)

The coefficientsixq, ..., cy2 are not given here.
In order to observe the net transport of fluid particles the second order Lagrangian problem needs to be considered, that is

u u
ub (1) = u1(Xo, Yo, 1) + x1<r>3—f(xO, Yo. 1) + Yl(f)a—yo(xa Yo, 1), (23)

v v
vk (1) = v1(Xo, Yo, 1) + xl(z)a—xooco, Yo.1) + Ya(t) a—y"(Xo, Yo 1). (24)

The mean drift of a particle starting at positi¥i is computed by taking the time average of (23) over a period to yield
du du
(ub @) =(u1(Xo, Yo. 1)) + <X1(t) 3—;) (Xo, Yo, t)> + <Y1(t)3—y0(xo, Yo, t)>, (25)

d d
(vE (1)) = (v1(Xo. Yo. 1)) + <X1(I)£(Xo, Yo, t)> + <Y1(f) aLyO(XO, Yo, t)>v (26)
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where the time average of andvq are obtained from Eg. (8). The final lengthy expressions for the mean Lagrangian velocities
are not presented here.

The mean Lagrangian velocity is the averaged velocity of individual particles in the flow in contrast to the mean Eulerian
velocity which provides the average velocity of all particles passing a specified fixed point in space. These two velocities may
differ substantially depending on the flow under consideration. Fig. 7 displays mean Lagrangian velocity profiles, obtained at
large H, as a function of the wall-normal initial positidfy. Note that adjacent to the vibrating wall the Lagrangian velocities
do not correctly represent the net transport of particles, an effect caused by the Taylor series expansion of the Eulerian velocity
aroundXg. The corresponding Eulerian velocities are shown in Fig. 2. For swtali.e. for flows in region 2 of Fig. 6, the
Eulerian mean velocity differs qualitatively in shape from the Lagrangian velocity obtained at thexéaaeis obvious on
comparing Figs. 2(a) and 7(a). In the vicinity of the wall the Lagrangian and Eulerian velocity are opposite to each other. On
increasingz2, however, the Lagrangian velocity profiles qualitatively resemblance the Eulerian profiles, as seen by comparing
Figs. 7(b), (c) and 2(b), (c).

Mean Lagrangian velocity profiles obtained #ir= 1 are shown in Fig. 8 and these profiles resemblance the mean Eulerian
velocity for all values ofx2; see Fig. 4. Thus, in regions 1, 3 and 4 of Fig. 6 the steady Eulerian velocity in a specified point
is a qualitative estimator for the net velocity, during one period of oscillation, of a particle starting in this point. Selverov and
Stone [19] observed an equivalent similarity between mean Lagrangian and Eulerian velocities in their peristaltic mixer. They
also found a disagreement in the velocities at low frequencies, similar to our findings of the flow in region 2.

4.2. Advection of passivetracers

The Lagrangian mean velocity of a specified particle indicates the average rate at which that particle is displaced, but provides
no information on the spatial distribution of the net displacement. To obtain this information, Eq. (9) is solved humerically using
the analytical expression for the Eulerian velocity. In the present analysis the time-dependent part of the second-order velocity
is not computed. This term, however, contributes to the net displacement at8rdés, the net displacement of particles is
correct to second order during one period of oscillation.
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Fig. 7. Time-average of second-order Lagrangian velocities as a function of the initial pd%jtiSolid lines are(ué(t)) and dashed lines are
(v& (1)). Profiles are at = 27/3 andH = 50. (a)a? = 2; (b) «? = 50; (c)ar? = 150.



F. Carlsson et al. / European Journal of Mechanics B/Fluids 24 (2005) 366-378 375

Lagrangian mean velocity

02 04 0.6 0.8 1 02 04 0.6 0.8 1

Lagrangian mean velocity

02 04 0.6 08 1
¥y

Fig. 8. Time-average of second-order Lagrangian velocities as a function of the initial pditiSnlid lines are(ué (1)), and dashed lines are
(v& (1)). Profiles are at = 27/3 andH = 1. (a)#? = 10; (b)a? = 100; (c)a? = 300.

1 1

@@@@ o] 3 T3 O3 O3
—> - —> -

0.6 * + * 0.6
y

04 04 \ ! v

02 02

(a) b)

02 04 0.6 08 1 02 04 0.6 08 1
x/(kA) x/(kL)

Fig. 9. Poincaré sections illustrating net transport of passive scalars in flow. Dots represent sampled particle positions connected by solid lines.
H =1 and (a)x? = 100; (b)? = 300.

To illustrate the mean spatial drift of passive tracers and to determine the characteristics of the mixing, Poincaré sections are
created by sampling the particle position at a predetermined frequency. The present flow field is periodic with timg,period
and we therefore construct the Poincaré sections as

Xn = (X(nT), Y (nT)). (27)

Fig. 9 shows typical stroboscopically sampled paths for 8 different particles distributed over a wavelength of the vibrating
surface. Poincaré sections are obtaineddoE 1 ate? of 100 and 300, illustrating the difference between flow regions 1 and
4 of Fig. 6. All points for a specific particle are furthermore connected by a solid line showing the path of the particle within
the Poincaré section. It is obvious that particles follow closed orbits, a result also valid for flows in regions 2 and 3. Poincaré
sections of these flows are, however, not shown.

Mixing over the full domain of the channel is obtained for flows generated &t afhorder unity or lower. For large values
of H there is mixing only in the vicinity of the wall. The importance of advective mixing is enhanced with incree?sih@st
effective mixing of viscous fluids confined by the vibrating walls is thus obtained for flows ofdﬁgind lowH, i.e. flows in
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the neighborhood of region 4 in Fig. 6. A vibratory mixer should operate in the vicinity of this flow region in order to be most

efficient.
To demonstrate the ability of the steady streaming to mix fluids, 2500 particles are evenly distributed in an area confined

by x = (0.36,0.6) andy = (0.4, 0.8). The limits of the box are chosen slightly asymmetrical compared to the cellular flow in
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order to better illustrate the deformation of the material region. Fig. 10 describes the advective transport of these particles with
time for H = 0.5 andH = 1, respectively, ana? = 300. The particles are rapidly spread in the channel and thereby increasing
the impact of molecular diffusion; the patterns obtained moreover resembles the corresponding Eulerian flow fields. For both
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values ofH, the particles are distributed over the full channel half-width; the laiehowever, distributes the particles more
rapidly. Showing the particle positions for extremely long times is not justified since the error increases as time proceeds.
Altering a2 not only impacts the ratio between molecular and advective diffusion, it alters the structure of the streaming
flow. In Fig. 11 particle positions are shown at differesft for H = 1. Both the spreading rate and the particle distribution
pattern are affected by the variationsif. Generally the particles are better mixed the higherthe
Fig. 12 depicts the positions of the particlegat 600 andx? = 300 for several values df . It is clearly seen that mixing
is less effective for large values &f.

5. Conclusions

We have addressed the mixing properties of flows generated by solid walls undergoing transverse vibrations in the form of
standing waves. The analysis has primarily been motivated by the capability of these flows to enhance mixing in highly viscous
fluids. No quantitative measure of mixing has been attempted here and, in this sense, the increases or decreases observed a
qualitative.

Analytical expressions of the oscillatory and streaming flow confined in an infinite two-dimensional channel with vibrating
walls were used to compute Lagrangian mean velocities and particle paths. Analytical solutions were obtained for the La-
grangian mean velocities by using perturbation methods with the slope of the wall as a perturbation parameter. Particle paths
were constructed by numerical integration of the Eulerian flow field.

We first determined the mean Lagrangian velocity for specific particles. A range of dimensionless frequéraes
channel half-widthsH were considered. The Lagrangian velocity obtained at a certain initial position qualitatively imitated
the Eulerian mean velocity obtained at the same point for flows residing in regions 1, 3 and 4. In region 2, however, there is
gualitative difference between the Lagrangian and Eulerian velocities in the vicinity of the wall.

The structure of the mean spatial drift of a passive scalar was determined by the construction of Poincaré sections. Particle
paths were found to form closed orbits for the second-order correct calculations described here.

Finally, we demonstrated how the streaming motions in the vibrating channel deformed a region consisting of several passive
tracers. The most effective mixing was observed for flows obtained at channel half-wddfierder unity or lower and for
sufficiently high values of?2.
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